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The conjugate gradient (CG) method, a standard and vital way of minimizing the energy of a
variational state, is applied to solve several problems in Skyrmion physics. The single-Skyrmion
profile optimizing the energy of a two-dimensional chiral magnet is found without relying on specific
boundary conditions. The two-dimensional Skyrmion lattice and three-dimensional hedgehog crystal
state is recovered with efficiency using the modified CG (p-GD) method. The p-GD method is
proposed as a complement to the traditional Monte Carlo annealing method, which still gives better
results for the ground state but at the far greater cost in computation time.
PACS numbers: 75.78.-n, 75.10.Hk, 75.70.Kw, 75.78.Cd
Introduction: The discipline of Skyrmions in chiral
magnets has matured rapidly since their lattice struc-
ture was discovered in the bulk chiral magnet1 and in
the thin-film structure2. In addition to an early review3,
several books4,5 are trying to keep pace with the rapid
advances in the field, with the main focus of realizing
Skyrmion-based information device someday.
Diverse theoretical tools have helped shape our under-
standing of the Skyrmion physics in the equilibrium. The
phase diagram, for instance, was originally worked out
by Bogdanov and collaborators in the late 80s through
analysis of the Ginzburg-Landau theory of chiral mag-
nets6. Monte Carlo simulation of the corresponding lat-
tice model was shown to give the Skyrmion lattice phase
in both two and three dimensions7,8. The CP1 theory of
chiral magnet9 has proven to be a useful complement to
the Monte Carlo and the Ginzburg-Landau analysis of
the topological lattice structures10–12.
At this point it appears that enough machinery is
at hand to tackle all sorts of problems in Skyrmion
dynamics. While we do not try to dispute this claim,
it is shown that an alternative and faster algorithm to
reach some of the same conclusions exists and can be
(hopefully) added to the existing arsenal of theoretical
machinery. The idea itself is a very old one, but it
came to our attention with the recent surge of machine
learning concepts making inroads into the condensed
matter physics. An excellent example at hand is the
paper by Carleo and Troyer13, in which a variational
many-body wave function based on the hidden-layer
scheme was drawn up and solved by the gradient descent
(GD) method. We apply the idea to a number of
situations in the Skyrmion problem.
Single-Skyrmion profile: Skyrmion (in two dimensions)
refers to a structure of the O(3) unit-vector field
n = (sin θ cosφ, sin θ sinφ, cos θ) (1)
with a non-trivial winding number Qs. An exemplary
Skyrmionic spin configuration with Qs = −1, generated
by the stereographic project, is
ns =
(
− 2Ry
r2 +R2
,
2Rx
r2 +R2
,
r2 −R2
r2 +R2
)
. (2)
Here r = (x2 + y2)1/2 is the radius measured from the
origin and R is the Skyrmion radius. A more general
variational ansatz is given by
ns =
(
− sin[f(r)]y
r
, sin[f(r)]
x
r
, cos[f(r)]
)
(3)
with the topological number determined by the boundary
condition Qs = (cos[f(0)]− cos[f(∞)])/2.
The differential equation governing the behavior of the
radial function f(r) is found by the stationary point of
the free energy. For the two-dimensional chiral Hamilto-
nian
H =
J
2
∑
µ=x,y
(∂µn)
2 +Dn · (∇2 × n)−B · n (4)
where ∇2 = (∂x, ∂y, 0) is the two-dimensional gradient,
we have the stationary-state equation for f(r):6,14
f ′′ +
f ′
u
− sin 2f
2u2
+
2
u
(sin f)2 − B
Bs
sin f = 0. (5)
Dimensionless variable u = κr (κ = D/J) was used,
and Bs = D
2/J . Typically, this equation is solved nu-
merically under the boundary conditions f(0) = pi and
f(∞) = 0 to obtain the anti-Skyrmion profile. Various
papers have reported the linear decrease f(r) ∼ pi−Ar for
κr  1, and an asymptotic decay f(r) ∼ K0(
√
B/Jr) for
κr  1, in contrast to the algebraic decay of the stereo-
graphic function in Eq. (3). See Ref. 14 for a recent such
calculation. These predictions were, however, not tested
outside the realm of differential equation formulation.
In particular, the commonly imposed boundary condi-
tion f(∞) = 0 seems at odds with the spiral spin con-
figuration that must dominate the ground state of the
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2model Hamiltonian (4) at small fields. A way to test the
“energetic stability” of the ferromagnetic boundary con-
dition f(∞) = 0 for the chiral magnet was never properly
presented. To do so, a calculation scheme free from pre-
imposed boundary conditions must be devised.
To this end, we adopt the variational Skyrmion ansatz
far more general than Eq. (2),
ni =
(
− 2Riyi
r2i +R
2
i
,
2Rixi
r2i +R
2
i
,
r2i −R2i
r2i +R
2
i
)
. (6)
The site-dependent Ri is tantamount to assuming an ar-
bitrary function cos[f(r)] in the ansatz (3); (xi, yi) are
the discrete coordinates measured from the lattice cen-
ter, and ri = (x
2
i + y
2
i )
1/2. The lattice ansatz (6) is the
lattice discretization of Eq. (3), provided Ri maintains
the cylindrical symmetry on the lattice scale.
The discretized version of the Hamiltonian (4) is
E=−
∑
i
[ ∑
µˆ=xˆ,yˆ
(Jni · ni+µˆ+Dµˆ · (ni × ni+µˆ))+B · ni
]
.
(7)
Using the GD scheme, the variational parameters {Ri}
can be optimized against the energy functional E. Irre-
spective of the (random) initial data, {Ri} always con-
verges to the same values that preserve the rotational
symmetry. Most importantly we do not impose Ri → 0
(nzi → 1) at large distances from the origin. If the ferro-
magnetic state should emerge from the variational calcu-
lation, it will be by virtue of the sheer energetic stability
of such configuration. The ferromagnetic boundary con-
dition traditionally employed in the differential equation
analysis will be vindicated through energetics.
Optimizing the variational parameters {Ri} proceeds
by first working out the derivative
mi =
dni
dRi
=
1
Ri
(nxi n
z
i , n
y
i n
z
i , (n
z
i )
2 − 1), (8)
and subsequently the energy derivative ∂E∂Ri = −mi ·Xi
where the X-function is given by
Xi=
∑
µˆ=±xˆ,±yˆ
[
Jni+µˆ +Dni+µˆ × µˆ
]
+B. (9)
Each Ri can be updated according to R
′
i = Ri −
(∂E/∂Ri)ε with a suitably chosen “learning rate” ε. Up-
dating Ri this way guarantees that the energy is always
decreasing: E[{R′i}] − E[{Ri}] ' −ε
∑
i(∂E/∂Ri)
2 < 0.
There appears to be no issue with the method being hung
up on the metastable configuration, as different runs al-
ways reached the same parameters {Ri}.
The GD-minimized Skyrmion profile is shown in Fig.
1. In additional to the familiar swirl and a spin reversal
at the center, one notices a ferromagnetic background
FIG. 1. A single Skyrmion profile obtained from optimizing
the variational function (6). The central section of the 100×
100 lattice used in the calculation is shown here.
FIG. 2. (a) R(r) and (b) f(r) vs. the radial distance
r. Conversion from R(r) to f(r) is possible through (r2 −
R2(r))/(r2 + R2(r)) = cos[f(r)].
spin outside the core region. To analyze this point in
quantitative detail we plot the converged radius function
Ri in terms of distance from the origin in Fig. 2(a).
Beyond r & 25 the radius function R(r) remains very
close to zero. Converting the R-plot to f -plot as in
Fig. 2(b), we find a linear decrease for small-r and an
exponential decay at large r, in agreement with the
differential equation analysis. The same qualitative
features were observed for a number of different choices
of D and B values.
Skyrmion lattice in two dimensions: The previous cal-
culation was of restricted variational nature assuming
a one-Skyrmion profile explicitly. We extend the GD
method to the most general spin configuration (1), where
each site has two angles (θi, φi) to fix the spin orienta-
tion. There are two sorts of variations to consider at each
site i:
∂ni
∂θi
= mθi = (cos θi cosφi, cos θi sinφi,− sin θi)
∂ni
∂φi
= mφi = sin θi(− sinφi, cosφi, 0). (10)
Energy gradients θi and φi are
∂E
∂θi
= −mθi ·Xi,
∂E
∂φi
= −mφi ·Xi, (11)
3with the same X function shown in Eq. (9).
Physically, the idea behind the GD method is the New-
ton’s equation with dissipation:
m
d2R
dt2
= −γ dR
dt
− ∂E
∂R
. (12)
The multi-dimensional coordinates R represent the pa-
rameters to be optimized. Discretizing the time over the
step size ∆t gives the discrete version of Newton’s equa-
tion15
∆Rn+1 = −ε ∂E
∂Rn
+ p∆Rn, (13)
where ∆Rn = Rn+1 −Rn, and
p =
m
m+ γ∆t
, ε =
(∆t)2
m+ γ∆t
. (14)
The Newtonian analogy indicates that p values between 0
and 1 is to be chosen15,16. In the extreme case ε = 0 and
p = 1 the scheme reduces to ∆Rn+1 = ∆Rn, which gives
no update at all. The previous GD scheme corresponds to
p = 0. The general scheme with p 6= 0 will be referred to
as the p-GD method. In the machine learning literature
p values close to one is used16; we keep it general and try
to figure out the optimal p for the Skyrmion problem at
hand.
First, the applicability of the p-GD method in identify-
ing the ground state of the chiral magnet is checked out
by systematically varying (ε, p) parameters and running
the update on L×L lattice with periodic boundary con-
ditions. The p = 0 update more or less works for ε . 0.4
with the best results obtained at ε ≈ 0.1 − 0.2. The
qualify of convergence is judged by the degree of crys-
tallinity in the resulting Skyrmion lattice structure. The
more triangular-lattice-like structure, with fewer defects,
is considered “good”.
The (ε, p) = (0.2, 0.2) structure was as good as the one
found at (ε, p) = (0.2, 0.0). Changing to (ε, p) = (0.2, 0.3)
suddenly degraded the quality of convergence consider-
ably. A good convergence was restored when we lowered
the learning rate to ε = 0.1 instead. Other cases such
as (0.05, 0.7), (0.02, 0.9) produced a good triangular lat-
tice structure. In general, p closer to unity must be ac-
companied by a reduced learning rate to ensure good
convergence. Among all the calculation sets run, the
most crystalline Skyrmion lattice structure was found at
(ε, p) = (0.1, 0.5), shown in Fig. 3 as the Skyrmion den-
sity plot. Only 5× 104 iterations were needed to ensure
the full convergence, with no improvement in quality for
further iterations. The pure GD update (p = 0) is by
contrast accompanied by a number of dislocations in the
converged structure regardless of the number of itera-
tions. The spiral spin state at B = 0 is easily produced
in perfect order even for p = 0.
FIG. 3. Two-dimensional Skyrmion lattice obtained with p-
GD update scheme, Eq. (13), using (ε, p) = (0.1, 0.5). L = 30
lattice with (J,D,B) = (1,
√
6, 2.2) was used for the calcula-
tion. Plotted is the local Skyrmion density generated from
the converged spin configuration. There is no defect or dislo-
cation in the converged structure.
The structure obtained by the p-GD is not geomet-
rically perfect, nor can it be realized by indefinitely
increasing the iteration time. It is known that a careful
annealing procedure in the Monte Carlo calculation can
achieve this, but at a far greater cost in computational
time. It takes literally a fraction of a second to generate
the data for the figure 3.
Three-dimensional topological lattice: The three-
dimensional calculation requires the use of the X-
function (9) with µˆ = ±xˆ,±yˆ,±zˆ extending over all
three directions. Otherwise the same p-GD update pro-
posed in Eq. (13) can be used. It was shown in the
earlier Monte Carlo calculation that a large enough D/J
ratio produces a monopole crystal state instead of the
columnar Skyrmion state over the intermediate mag-
netic field range7. Based on previous experience, we use
(J,D,B) = (1, 2.1, 1.7) in anticipation of the period-6
hedgehog crystal formation.
As in the two-dimensional Skyrmion calculation, a sys-
tematic search for optimal (ε, p) was first conducted, with
(ε, p) = (0.1, 0.4) emerging as the most reasonable choice.
The smallest cubic lattice L× L× L where the period-6
crystalline behavior can be observed is L = 12. A layer-
by-layer profile of the converged spin configuration for
L = 12 is shown in Fig. 4. Another snapshot for the
same parameter set obtained from Monte Carlo anneal-
ing is included as a supplementary file. The unmistak-
able similarity of the two profiles gives us the confidence
to conclude that the plot obtained in Fig. 4 indeed repre-
sents the hedgehog crystal. Only 5× 104 iterations were
needed to produced a fully converged data. Further iter-
ations showed no improvement in the quality of conver-
gence. The running time to obtain this plot was around
5 seconds, compared to an hour on GPU-programmed
4FIG. 4. Hedgehog crystal configuration obtained from (ε, p) =
(0.1, 0.4) setting in the p-GD method. The lattice size is 12×
12 × 12 and each layer is labeled by z. The next six layers
have identical spin configurations as the first six shown here.
The inter-Skyrmion period is six for (J,D,B) = (1, 2.1, 1.7)
used.
Monte Carlo annealing procedure.
For L = 18 and larger multiples of 6, we could obtain
partial convergence. For the sake of comparison we
include L = 30 data in the supplementary information.
Increase in the iteration time or changes in (ε, p) was
not able to improve the quality of convergence consid-
erably. Since there are no other tuning parameters in
the p-GD scheme we must conclude that the perfect
crystalline order for large lattice size is not possible to
achieve without further tweaking of the update scheme.
Fortunately the L = 12 data had no convergence issues
and produced a very nice hedgehog crystal order.
Conclusion: The gradient descent method modified by
the momentum parameter (p-GD method) is shown to
provide an alternative to the Monte Carlo annealing in
obtaining topological crystal states of the chiral mag-
net in both two and three dimensions. The method is
vastly superior to the annealing in respect of the compu-
tational cost, provided the right update parameters (ε, p)
are known a priori, while the annealing provides a better
degree of crystallinity in the converged topological crystal
configuration. As an additional benefit of the GD method
we confirmed the long-distance ferromagnetic behavior in
the single-Skyrmion profile through unbiased variational
calculation. The p-GD scheme is extremely simple to
implement and should be applicable to a wide range of
situations for spin structure determination.
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